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Exercise 1

Let H3 :=

{1 x z
0 1 y
0 0 1

 |x, y, z ∈ R} and Γ :=

{1 x z
0 1 y
0 0 1

 |x, y, z ∈ Z}.
i) Show that H3 and Γ are Lie groups. Does H3 admit a bi-invariant

Riemannian metric?

ii) Show that Γ acts on H3 by left multiplication and this action is free
and proper.

iii) Consider the following action of R on H3:

R×H3 → H3,

(
z̃,

1 x z
0 1 y
0 0 1

) 7→
1 x z + z̃

0 1 y
0 0 1

 .

Show that this action descends to an action of Z\R on the quoti-
ent Γ\H3 and the quotient manifold obtained by this action is the
2-dimensional torus.

Exercise 2

Let S4n+3 ⊂ H
n+1 be the unit sphere in the (n+ 1)-dimensional quaternionic

vector space.

i) Show that S3 ⊂ H acts smoothly, freely and properly on S4n+3.

ii) Give an atlas for the quotient manifold HPn := S3\S4n+3. The mani-
fold HPn is called the n-dimensional quaternionic projective space.

Exercise 3

i) Determine the Lie bracket [·, ·] on gl(n,R), the Lie algebra of the general
linear group GL(n,R).

ii) For any Lie group G with adjoint representation Ad : G→ Aut(g), let
ad : g→ End(g) denote the di�erential of Ad at the unit element of G,
ad := d1Ad.
Show that for GL(n,R), the map ad is given by ad(X)(Y ) = [X, Y ],
for all X, Y ∈ gl(n,R).

iii) Let X ∈ gl(n,R), X̃ the corresponding left-invariant vector �eld on

GL(n,R) and γ : R→ GL(n,R) be a curve with γ(0) = 1n, γ̇(t) = X̃γ(t).
Show that γ(t) =

∑∞
n=0

1
n!

(tX)n.

Hand in the solutions on Monday, May 6, 2013 before the lecture.


