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Di�erential Geometry I

Exercise Sheet no. 10

Exercise 1

Show that the map p : Sn → RPn, x 7→ Rx is a local di�eomorphism, i.e.
every x ∈ Sn is in an open set U such that p(U) is open in RPn and such
that p|U is a di�eomorphism from U to p(U). Show that RPn carries a metric
g0 such that p∗g0 is the standard metric on Sn. This metric g0 is called the
standard metric of RPn. Determine the injectivity radius of (RPn, g0).

Exercise 2

The tautological bundle on the n-dimensional real projective space RPn is
given by L := {(`, y) ∈ RPn × Rn+1 , y ∈ `} together with the projection map
π : L → RPn, (`, y) 7→ `. Prove that there does not exist any continuous
and nowhere vanishing section s of π : L → RPn. (Hint: Interprete such a
section as a map RPn → R

n+1 r {0}; considering the composition with the
map Sn → RPn, get a map Sn → Sn which has to be ±Id; conclude.)

Exercise 3(Geodesics and distance function on products)

(a) Let γ : [a, b] → M be a piecewise C1 curve on a smooth Riemannian
manifold (M, g). Prove that γ minimizes the energy functional E : c 7→
1
2

∫ b

a
g(ċ, ċ) dt among all piecewise C1 curves c : [a, b]→M with c(a) = p

and c(b) = q i� γ is a minimal geodesic.

(b) From now on let (M, g) := (M1×M2, g1⊕g2), where (Mi, gi) is a smooth
Riemannian manifold and the product manifold M1 ×M2 (see Exercise
no. 1 in Sheet 2) is equipped with the product metric g1 ⊕ g2, which is
de�ned at p = (p1, p2) ∈M1 ×M2 by:

(g1 ⊕ g2)|(p1,p2) ((X1, X2), (Y1, Y2)) := g1|p1(X1, Y1) + g2|p2(X2, Y2)

for all Xi, Yi ∈ TpiM , i = 1, 2. Show that, if γi : [a, b]→Mi is a piecewise
C1 curve, i = 1, 2, then γ := (γ1, γ2) : [a, b]→M1×M2 is a piecewise C

1

curve with E(γ) = E(γ1) + E(γ2).

(c) Show that γ is a minimal geodesic i� γ1 and γ2 are minimal geodesics.

(d) Deduce that the distance function d associated to g = g1⊕ g2 is given by

d ((x1, x2), (y1, y2)) =
√
d1(x1, y1)2 + d2(x2, y2)2,

for all (x1, x2), (y1, y2) ∈ M1 × M2, where di is the distance function
associated to the metric gi on Mi.



Exercise 4(Su�cient criterion for the existence of a line)
Let (M, g) be a complete smooth Riemannian manifold.

(a) Let (Xk)k∈N be a sequence in TM converging to some X and a, b ∈ R

with a < b. Show that, if γXk |[a,b] : [a, b] → M is a shortest curve, then
so is γX |[a,b] : [a, b]→M . Here and as usual, for any Y ∈ TM , we denote
by γY : R → M the unique geodesic with γY (0) = π(Y ) ∈ M and
γ̇Y (0) = Y .

(b) Assume the existence of two sequences (xk)k∈N, (yk)k∈N in M , of a point
p ∈ M and of an R ∈ ]0,∞[ with d(xk, p) −→

k→∞
∞, d(yk, p) −→

k→∞
∞ and

such that every shortest curve from xk to yk meets the ball BR(p). Show
that there exists a line in (M, g).
(Hint: construct a limit of a sequence of shortest curves. Exercise no. 3
of Sheet 9 may be helpful.)
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