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Exercise 1

Let M be a smooth n-dimensional manifold and, for each point p ∈ M , g|p
be a Euclidean inner product on TpM . Show that the following statements
are equivalent:

1. For any smooth tangent vector �elds X, Y on M , the map M → R,
p 7→ g|p(X(p), Y (p)), is smooth.

2. For any chart ϕ : Uϕ → Vϕ of M and all 1 ≤ i, j ≤ n, the function
gϕij : Vϕ → R de�ned in the lecture is smooth.

Exercise 2

Let Mm, Nn be smooth manifolds and φ :M → N be an immersion, that is,
φ is a smooth map and dφ|p : TpM → Tφ(p)N is injective for any p ∈M . Show
that, for any Riemannian metric h on N , the map p 7→ (dφ|p)

∗h|p introduced
in the lecture de�nes a Riemannian metric on M .

Exercise 3

Let M be a smooth n-dimensional manifold. Recall that a derivation on M
is a linear map δ : C∞(M) → C∞(M) which satis�es the product rule: for
all f1, f2 ∈ C∞(M),

δ(f1f2) = (δf1)f2 + f1(δf2).

Let X, Y are two smooth tangent vector �elds on M .

1. Show that [∂X , ∂Y ] := ∂X ◦ ∂Y − ∂Y ◦ ∂X de�nes a derivation on M .
Here, ∂X is the derivation associated to X as in the lecture.

2. Deduce that there exists a unique smooth tangent vector �eld on M ,
which we denote by [X, Y ], such that ∂[X,Y ] = [∂X , ∂Y ].

3. Show that, for any f ∈ C∞(M), one has [X, fY ] = ∂Xf · Y + f [X, Y ].

4. Show that, if ϕ : Uϕ → Vϕ is a chart of M , then [ ∂
∂ϕi ,

∂
∂ϕj ] = 0 for all

1 ≤ i, j ≤ n. Deduce that, if X|Uϕ
= X i ∂

∂ϕi and Y|Uϕ
= Y i ∂

∂ϕi , then

[X, Y ]|Uϕ
=
(
∂X(Y

i)− ∂Y (X i)
) ∂

∂ϕi
=
(
Xj ∂Y

i

∂ϕj
− Y j ∂X

i

∂ϕj

) ∂

∂ϕi
.



Exercise 4

Let 〈〈· , ·〉〉 denote the following bilinear form on Rn+1:

〈〈x, y〉〉 := −x0y0 +
n∑
j=1

xjyj

for all x = (x0, x1, . . . , xn) and y = (y0, y1, . . . , yn) in R
n+1.

1. Show that 〈〈· , ·〉〉 de�nes a non-degenerate symmetric bilinear form of
index 1 on Rn+1.

2. Let Hn := {x ∈ Rn+1 , 〈〈x, x〉〉 = −1 and x0 > 0} ⊂ Rn+1. Show that Hn

is a smooth n-dimensional submanifold of Rn+1.

3. Prove that, for any p ∈ Hn, the tangent space of Hn at p can be cano-
nically identi�ed with Ep := {X ∈ Rn+1 , 〈〈X, p〉〉 = 0}.

4. Show that 〈〈· , ·〉〉|Ep×Ep
is positive-de�nite and deduce that 〈〈· , ·〉〉 indu-

ces a Riemannian metric on Hn.
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