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Exercise 1

Let X be a tangent vector �eld on a smooth manifoldM , that is, X is a map
M → TM with π ◦ X = IdM , where π : TM → M is the projection map.
Recall that, given a chart ϕ : U → V of M , the associated coordinate vector
�elds { ∂

∂ϕ1 , . . . ,
∂

∂ϕn} form a basis of TM in each point of U , in particular any

tangent vector �eld X on M can be written in the form X = X i ∂
∂ϕi on U ,

where X1, . . . , Xn : U → R are functions.
Show that X is smooth as a map between manifolds if and only if the func-
tions X1, . . . , Xn : U → R are smooth for any chart.

Exercise 2

Let f : M → R be a C1 map on a compact smooth n-dimensional manifold,
where n ≥ 1.

1. Let p ∈M be a point. Show that, if f reaches a maximum or a minimum
at p, then dpf = 0.

2. Show that the di�erential map of f vanishes in at least two points in
M .

3. Show that f has exactly one critical value if and only if f is constant.

Exercise 3

Let M be a compact smooth n-dimensional manifold. By de�nition, a one-

parameter group of di�eomorphisms onM is a smooth map ϕ :M×R→M ,
(x, t) 7→ ϕt(x), with ϕ0 = IdM and ϕt ◦ ϕs = ϕt+s for all s, t ∈ R.

1. Show that, given any one-parameter group of di�eomorphisms (ϕt)t on
M , the map X(x) := d

dt
|t=0(ϕt(x)) de�nes a smooth tangent vector �eld

on M .

2. Conversely, show that, given any smooth vector �eld X on M , there
exists a unique one-parameter group of di�eomorphisms (ϕt)t on M
such that d

dt
|t=0(ϕt(x)) = X(x) for all x ∈M .

Hint: First construct ϕt(x) for �xed x and t close to 0 using the theorem

of Picard-Lindelö�; then show that t 7→ ϕt(x) can be extended on R.
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